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O^ ' Abstract. Let Ki and K2 be complete discrete valuation fields of 

^.^' residue characteristic p > 0. Let ttki and ■kk.2 be their uniformizers. Let 

j^ , L\/K\ and L2/K2 be finite extensions with compatible isomorphisms of 

rings Oxi/WJ ^ Ox,/(7rSJ and Oli/(^J?J ~ OlJ{-kT<^) for some 
positive integer m which is no more than the absolute ramification in- 
^S) . dices of K\ and K2- Let j < tti be a positive rational number. In this 

CNj ' paper, we prove that the ramification of L\/Ki is bounded by j if and 

only if the ramification of L2/ K2 is bounded by j. As an application, 
we prove that the categories of finite separable extensions of Ki and 
K2 whose ramifications are bounded by j are equivalent to each other, 
which generalizes a theorem of Deligne to the case of imperfect residue 
(-H ' fields. We also show the compatibility of SchoU's theory of higher fields 

of norms with the ramification theory of Abbes-Saito, and the integral- 
ity of small Artin and Swan conductors of abelian extensions of mixed 
characteristic. 
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2 shin hattori 

1. Introduction 

Let K be a complete discrete valuation field of residue characteristic p > 0. 
Let k be the residue field, Ok be the ring of integers and vr = ttk be a 
uniformizer of K. We define e{K) to be the absolute ramification index of 
K if char(i^) = and an arbitrary positive integer if char(i^) = p. 

When k is perfect, the classical ramification theory defines a notion of 
ramification of any finite separable extension L/K and, for any positive 
rational number j, a notion of whether the ramification of L/K is bounded 
by j (see [17]). We let FE^-' denote the category of finite separable extensions 
L/K whose ramification is bounded by j. 

On the other hand, Deligne ([5]) defined a ramification theory of truncated 
discrete valuation rings with perfect residue fields. Let tti be a positive 
integer. A truncated discrete valuation ring of length m is by definition a 
local ring A with principal maximal ideal which is nilpotent such that A 
is of length m as an j4-module. The ring C'i^/(7r™') is a truncated discrete 
valuation ring of length m, and conversely any truncated discrete valuation 
ring of length m can be written as such a quotient of the ring of integers 
of some complete discrete valuation field. For the case where the residue 
field of A is perfect, he defined a notion of finite extension B/A of truncated 
discrete valuation rings and a notion of whether its ramification is bounded 
by j, for any positive rational number j satisfying j < m. Moreover, for 
any truncated discrete valuation ring A of length m with perfect residue 
field and j < m, he also defined a category (ext Ay of finite extensions B/A 
whose ramification is bounded by j. 

Depending on the choice of a presentation A ~ Ok/{t^"^) of j4 as a quo- 
tient of a complete discrete valuation ring Ok, we have a natural functor 
FE|.^ -> {ext Ay defined by L i-^- Ol/{tt"^)- Then Deligne also showed 
that this is an equivalence of categories. A striking fact is that the cate- 
gory (ext Ay is independent of the choice of a presentation A ~ Ok/{t^^)- 
This implies that, for any complete discrete valuation fields Ki and K2 with 
perfect residue fields of characteristic p, if there exists a ring isomorphism 
©^^/(vr^J — C'E'2/('^i?2)' ^^^'^ tl^6 categories FE|.^^ and FE|-^^ are equiv- 
alent, even though the characteristics of Ki and K2 may be different. A 
key point of this equivalence is that, since the residue field k is assumed 
to be perfect, for any finite separable extension L/K the O/^f-algebra Ol 
is generated by a single element rr, and ramification of the extension L/K 
can be read off from the Newton polygon of (a translation of) the minimal 
polynomial of x, which is a combinatorial object independent of char(i^). 

For the case where the residue field k is imperfect, a ramification theory of 
finite separable extensions of K was developed satisfactorily by Abbes and 
Saito ([T] and [2]), and we have a category FE^-' of finite separable extensions 
L/K whose (non-log) ramification is bounded by j, as in the case of perfect 
residue field. In their ramification theory, the notion of whether the (non-log 
and log) ramification of a finite separable extension L/K is bounded by some 
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positive rational number j is defined by counting the number of geometric 
connected components of a tubular neighborhood of defining equations of 
the Oi^-algebra Ol in the sense of rigid analytic geometry. Note that, in 
this case, the Oi^-algebra Ol is not necessarily generated by a single element 
and thus it seems difficult to control its ramification by Newton polygons. 

Using their works and the author's ([8j), Hiranouchi and Taguchi ([H]) de- 
fined, for any truncated discrete valuation ring A of length m whose residue 
field may be imperfect and any positive rational number j < m, a category 
FFP^'' of finite extensions B/A whose ramification is bounded by j (see Def- 
inition [4?T5]) . In fact, they defined the category by choosing a presentation 
of A as above. They questioned whether it is independent of the choice, and 
whether we can generalize the striking equivalence of Deligne to the case of 
imperfect residue field. 

In this paper, we prove the following correspondence result of (non-log 
and log) ramification of finite extensions of complete discrete valuation fields 
which may have different characteristics. 

Theorem 1.1. Let Li/Ki and L2/K2 he finite extensions of complete dis- 
crete valuation fields of residue characteristic p > 0. Let nXi be a uni- 
formizer of Ki. Let m he a positive integer satisfying m < miuj e{Ki). Sup- 
pose that we have compatible isomorphisms of rings Ok^Ht^^-^) — C>K2/i'^K2^ 
andOLj{7r^^)^OLj{7r^^). 

(i) (Corollary \4-ll^ For any positive rational number j < m, the ram- 
ification of Li/Ki is hounded hy j if and only if the ramification of 
L2/K2 is hounded hy j. 

(a) (Corollary \5.6\) For any positive rational number j < m — 2, the 
log ramification of Li/Ki is bounded by j if and only if the log 
ram,ification of L2/K2 is hounded hy j. 

Note that a similar correspondence of ramification is studied by the au- 
thor for the case of finite fiat group schemes ( [9] and [10] ) . As an application 
of Theorem II. H we answer the above questions of Hiranouchi- Taguchi affir- 
matively for the case of pA = 0, as follows. 



Theorem 1.2. (i) (Theorem \4-16 ) The category FFP^-' is indepen- 



dent of the choice of a presentation A ~ Ok/{t^^ 
(a) ( Corollary 14- 18\ ) Let Ki and K2 he complete discrete valuation fields 
with residue fields ki and k2 of characteristic p > 0, respectively. Let 
j he a positive rational number satisfying j < minje(ii'j). Suppose 
that the fields ki and /c2 0,1"^ isomorphic to each other. Then there 
exists an equivalence of categories 

In particular, there exists an isomorphism of topological groups 
GkJG'k^^Gk2/G'k2^ 
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where G-^, is the j-th (non-log) upper ramification subgroup of the 
absolute Galois group Gxi dD Section 3]^. 

We also give the following applications of Theorem II. II to Scholl's theory 
of higher fields of norms ( [15] ) and the integrality of conductors of an abelian 
extension of K. Note that Theorem 11.31 was proved by Shun Ohkubo using 
a totally different method. 

Theorem 1.3. (Theorem \6.^) The functor of higher fields of norms is com- 
patible with (non-log and log) ramification. 

Theorem 1.4. ( Theorem \7.'f3) Suppose char(i^) = 0. Let L/K be a finite 
abelian extension. Let c{L/K) (resp. c\og{L/K)) be the Artin conductor 
(resp. Swan conductor) of the extension L/K. 

(i) If c{L/K) < e{K), then c{L/K) is an integer. 
(a) If ciog{L/K) < e{K) — 2, then c\og{L/K) is an integer. 

The key idea of the proof of Theorem 11.11 is to compare the sets of geo- 
metric connected components of affinoid varieties of different characteristics 
using the theory of perfectoid spaces due to Scholze ([E]). By a base change, 
we reduce ourselves to such a comparison of the case where the residue field 
k is perfect. Namely, we consider the following situation: we have a diagram 
of surjections 

k[[u]] ^A^Ok, 

where the images of vr and u'va. A coincide, and we also have a set of poly- 
nomials / = {/i, . . . , fr} in ^[X]. Here we put X = (Xi, . . . , X„). Let 
/ C Ok[X] and f C A;[[ii]][X] be lifts of /. Let C be the completion of an 
algebraic closure of K. Let C be its tilt (|l6j Section 3]), which is defined 
as the fraction field of the inverse limit ring 

Oc^=limOc/(vr'") 

along the p-th power Frobenius map. The field k[{u)) is considered as a 
subfield of C by M I— )• tt, where we define vr = {tti)i>q by choosing a system 
of p-power roots of vr in C satisfying ttq = tt and vr^^-j^ = vr^. Consider the 
adic spaces over C 

Xl% = Spa(C(X),Oc(X)), Xl% = Spa(C(Xi/P°°),Oc(xVP°°)) 

and also similar adic spaces X^^ ^ and Xj^ over C . Then we have a 
diagram 
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where the map r is the homeomorphism of |16i Theorem 6.3]. The equations 
/ and f define the rational subsets X^'^ C X^q and X^f C X^ given 
by the inequalities 

|/.(x)| < l7r(x)P and %{x)\ < Hx^ , 

respectively. Here | • (x)| denotes the associated continuous valuation for 
any point x of these adic spaces. The inverse image of X^'^ in X^^ by the 
composite in the above diagram is the rational subset given by the inequality 

|f»(x)| < |vr(x)P, 

where (•)* : Ocb(Xi/P") -^ Oc{X^Ip°°) is a natural multiplicative map ([16l 
Theorem 6.3]). From the choice of / and f, we can prove the congruence 

f^ = fi mod ^™. 

Thus the assumption on j implies that the inverse image coincides with 
the inverse image of X^^^ in ^^ oo ■ Then Theorem 11.11 follows by showing 
that the vertical arrows of the above diagram induce bijections between the 
sets of connected components of the rational subsets Xlf" , X^f and their 
inverse images in X^^, X^ 

Acknowledgments. The author would like to thank Yuichiro Taguchi for 
stimulating discussions, answering questions on the paper [TT], valuable com- 
ments on earlier drafts and the invitation to Korea Institute for Advanced 
Study (KIAS), where a part of this work was carried out. He is grateful for 
the hospitality provided by KIAS. He also would like to thank Shun Ohkubo 
for pointing out that Theorem 11.31 would follow if we could generalize the 
aforementioned theorem of Deligne to the case of imperfect residue field, and 
Yoichi Mieda for helpful comments on adic spaces which improved proofs. 
This work was supported by JSPS KAKENHI Grant Number B-23740025. 

2. Lemmas on connected components of analytic spaces 

Let K he a, complete valuation field of rank one. Let K^^^ be a separable 
closure of K, which we consider as a valuation field by extending the valu- 
ation of K naturally. Let C be the completion of K^^^. In this section, we 
show lemmas which compare the sets of connected components in various 
settings of analytic geometry over K. First we show the following lemma 
comparing the sets of connected components between iC-affinoid varieties 
and their associated adic spaces ([13]). 

Lemma 2.1. Let A he a K-affinoid algebra in the sense of [3l Definition 
6.1.1/1] and A be the subring of power-bounded elements of A. Let X = 
Sp{A) be its associated K-affinoid variety and X'^'^ = Spa{A,A°) be its 
associated adic space. Then we have a natural bijection 7ro(A ) — )• 7ro(A). 

Proof. The set X is naturally considered as a subset of X . Since X is 
quasi-separated, the association U i-^ UCiX gives a bijection from the set of 
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quasi-compact open subsets of X^'^ to the set of quasi-compact admissible 
open subsets of X. Moreover, the notions of open covering and admissible 
open covering correspond to each other by this bijection ([HI (1.1.11)]). 

Let U he a quasi-compact admissible open subset of X and U be the 
associated quasi-compact open subset of X^*^ via the above bijection. We 
first prove that if U is connected, then U is also connected. Indeed, sup- 
pose that we have a decomposition U = V^ Y[ ^ of ^ ™to the disjoint 
union of open subsets Vf''^. Since U^'^ is quasi-compact, the open subsets 
V^^*^ are also quasi-compact. Put Vi = V^'^ n X, which is a quasi-compact 
admissible open subset of X. We have C^ = Vi ]J V2 and this is an admissible 
open covering by the above bijection. Since U is connected, we may assume 
U = Vi and thus we obtain U = V^. This implies that U is connected. 

Let Ui, . . . ,Un be the connected components of X. Each Ui is a ratio- 
nal subdomain of X and thus quasi-compact. Let C/f be the associated 
quasi-compact open subset of X^'^. Since the covering X = W^^i Ui is an 
admissible open covering, the above bijection shows X'^'^ = U"^^C/f'^. Since 
^ad p jj^d -g constructible and X D (C/f^ n Uf) = Ui n Uj, [12, Corohary 
4.2] implies C/f PI [/■ = for any i ^ j. Thus each C/f is a connected 
component of X and the lemma follows. D 

Let ^ be a X-affinoid algebra which is geometrically reduced. We define 
the set of geometric connected components of Sp(A) as 

<°'"(Sp(A)) = hm ^o(Sp(A ^K L)), 

L/K 

where the limit on the right-hand side runs over the category of finite sepa- 
rable extensions of K in X^^p. This set is a finite set and the inverse system 
is constant for any sufficiently large L, by the reduced fiber theorem ([H 
Theorem 1.3]. See also p] Theorem 4.2]). It has a natural continuous action 
of the absolute Galois group Gk = GaliK^"^ / K) . 

Lemma 2.2. Let A he a geometrically reduced K-affinoid algebra. Then 
there exists a natural isomorphism of finite Gx-sets 

TToiSpaiA^KC, (A^KCy)) -^ vrf °"'(Sp(A)). 

Proof. For any extension L/K of complete valuation fields of rank one, the 
ring A^kL is an L-affinoid algebra and we put 

Xf = Spa{A^KL, {A®kLY). 

By Lemma |2.1[ it suffices to show that the natural map of finite Gi<--sets 

L/K 

is a bijection, where the limit runs over the category of finite separable 
extensions of K in K^^^. 

Let k be the residue field of K^'^^ , which is an algebraic closure of k. 
By the reduced fiber theorem and replacing K with a sufficiently large finite 
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separable extension, we may assume that A is topologically of finite type over 
Ok and A (^Ok ^ i^ reduced. Then we have {A ®k L)° = A ®Ok ^l for any 
finite separable extension L/K. We may also assume that the inverse system 
{'Kq{X^)}iIX is constant. This implies that for any connected component 
C of X^, its inverse image p~[ xi^) ^7 the natural projection pl,k '■ Xff — > 
X^ is a connected component of Xff. 

We claim the equality {A^kC)° = A^Ok^c- Indeed, let w be any non- 
zero element of the maximal ideal of Ok and consider the exact sequence 

^ i (g)Oj, Oc ""-^^ A ^Ok Oc^A ®Ok (Oc/w^Oc) -^ 

for any positive integer I. Since the Oc-algebra A ®Ok ^c is ro-torsion 
free, the tu-adic topology on the ring A ®Ok ^c of the middle term of the 
sequence induces the ru-adic topology on the ring of its left term. Taking 
the tu-adic completion, we have an exact sequence 

^ A^Ok^c ""^^ A^OkOc -^ A (^Ok (Oc/^^Oc) -^ 

and thus the ring A(S)Ok^c is torsion free. Moreover, since A is topologically 
of finite type, we can choose an Oi^f-algebra surjection Ok{Xi, . . . , X„) — > A. 
Via the natural surjection 

Ok{Xi,..., Xn) ®Ok Oc^ a ®Ok Cc, 

the -oj-adic topology on the right-hand side coincides with the quotient topol- 
ogy of the ro-adic topology on the left-hand side. Thus we obtain a surjection 

Oc{Xi, . . . ,X„) ~ Ok{Xi, . . . ,X„)^o^Oc ^ A^OkOc- 

By the above exact sequence, the special fiber of A^Qk^c is isomorphic to 
the fc-algebra A^Oj^k, which is reduced by assumption. Then [H Proposition 
1.1] implies the equality [A^k'C)° = ^(S'c'^C'c and the claim follows. 
By this claim, we have 

Xg'i = Xf Xgp,(^,o^)Spa(C,Oc) 

for any finite separable extension L/K and [13^ Lemma 3.9 (i)] implies that 
the projection pc,L : X^ — )■ X£^ is a surjection. 

Note that for any affinoid ring (R,S), there exists a natural homeomor- 
phism 

Spa(i?, S) -^ Spa{R, S) 

preserving rational subsets, where R and S are the completions of R and S, 
respectively ([12, Proposition 3.9]). Thus we have a homeomorphism 

Xg^ ^ Spa(.4 (^K K'^", A ®Ok Ok^^v) 

preserving rational subsets, where the topology of the ring A ®k K^'^^ is 
given by the ro-adic topology of the subring A ®Ok Cx=«p for any non-zero 
element w in the maximal ideal of Ok- From this homeomorphism, we see 
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that any rational subset of X^ is the inverse image of a rational subset of 
X£ for some finite separable extension L oi K. 

Let C be any connected component of X'^. To prove the lemma, it is 
enough to show that the inverse image p'^ ^{C) is connected. Note that C is 
a rational subset. Suppose that we have a decomposition p^ k^C) = Fi JJ V2 

into the disjoint union of non-trivial open subsets. Since Pq xi^) ^^ ^^^° ^ 
rational subset, the open subsets Vi are quasi-compact and thus are finite 
unions of rational subsets. This implies that the open subsets Vi are the 
inverse images of some open subsets of X'^ for a sufficiently large finite 
separable extension L of K. Since the projection pc,L is a surjection and 
Pi j^{C) is connected, the lemma follows. D 

3. Comparison of geometric connected components for 
affinoids of different characteristics 

3.1. Lifts of truncated discrete valuation rings. Let ^4 be a truncated 
discrete valuation ring of length m (O Subsection 1.1], [111 Section 2]) with 
residue field k of characteristic p > 0. We fix a uniformizer tt of A. 

Let us consider a complete discrete valuation field K and a surjective 
local homomorphism l : Ok — ^ A. We refer to such a pair (K, l) as a lift of 
the truncated discrete valuation ring A. Note that a lift of A always exists 
([5", Subsection 1.1]). Let us fix a uniformizer tt oi K satisfying t(7r) = tt. 
The map i induces an isomorphism Ok/{'^^) — A. We identify the residue 
field of K with k using this isomorphism. Let e = e{K) be as in Section [TJ 
We also fix an algebraic closure K oi K and extend the valuation | ■ | of /f 
to K. The residue field of K is denoted by k. Let C be the completion of 
K and mc be the maximal ideal of the valuation ring Oc. The field C is a 
perfectoid field in the sense of [El Definition 3.1]. We let C denote its tilt. 

Suppose pA = 0. Then we have m < e (for the case of cha.i{K) = p, this 
means that we take an arbitrarily large e so that this inequality holds) and 
the field C can be constructed using m as follows. Let O^ be the inverse 
limit ring 

Oc. =^(0;f/(vr™)^0;^/(vr™)^---), 

where $ means that the transition maps are given by x 1— > x^. We have a 
natural multiplicative map 

O^ -^ Oc, X i-> x" 

sending x = (xq, xi, . . .) G Oq^ to the limit x" = lim;_i.oo ^f in the ring Oc, 
where xi G Oc is a lift of x/. Note that the element x" is independent of the 
choice of lifts x; and the equality 

x" mod vr™ = prg(x) 

holds. The ring O^ is a complete valuation ring of rank one and character- 
istic p with algebraically closed fraction field C whose valuation is defined 
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by |x| = jx''|, and the map (•)" extends to a natural multiplicative map 
(•)'': C^ C If i^ is of characteristic p, then the map (•)^ gives an isomor- 
phism of valuation fields C^ C. The maximal ideal of the valuation ring 
O^b is denoted by rrij-b . 

We fix a system (vr;);>o of p-power roots of vr in X such that ttq = vr and 
Trf^^ = TTi. The system defines an element vr = (ttq, tti, . . .) of the ring Oj^b 
satisfying vr^ = vr. 

Suppose also that A is endowed with a /c-algebra structure such that the 
diagram 

k ^A 



k 



commutes, where the vertical arrow is the reduction map. Then the ring 
A also lifts to a complete discrete valuation ring of equal characteristic p. 
Namely, the map t : k[[u]] — )■ A sending u to n gives an isomorphism of k- 
algebras A;[[u]]/(ii™) ~ A. We put F = k{{u)). Then the pair {F,l) defines 
a lift of A. For any algebraic closure F of F, we extend the M-adic valuation 
I • I of F to F naturally. We normalize it as \u\ = \tt\. 

3.2. Tubular neighborhoods of equations over A. Let A be a truncated 
discrete valuation ring of length m and (K, t) be a lift of A. Let n be a 
positive integer and / = {/i, . . . , fr} be a finite subset of the polynomial 
ring ^[Xi, . . . , Xn]. Let fi be a lift of fi by the surjection 

OK[Xi,...,Xn]^A[Xu...,Xn] 

induced by l : Ok — > A. For any j = (j'l, . . . jV) G (Q n (0, m]y\ let us write 
ji = ki/li with positive integers ki and /j. Put 






This ring is a i^-affinoid algebra independent of the choices of presenta- 
tions ji = ki/li and lifts /j. Then we define the j-th tubular neighborhood 
X-'j^{f,n) of / with respect to n along the lift {K,t) to be the following 
rational subdomain of the n-dimensional rigid analytic unit polydisc 

X|,(/,n) = Sp(=^^(/,n)) 

= {xe Sp{K{Xi, ...,Xn))\ \Hx)\ < IvrP^ for any i}. 

Suppose that pA = and A is endowed with a /c-algebra structure which 
gives a section of the reduction map. Let {F, l) be the lift of A as above. 
Then we can construct a similar tubular neighborhood of / on the side of 
F: Choose a lift fj of fi by the surjection 

k[[u]][Xi,...,Xn]^A\Xi,...,Xn] 
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induced by t : k[[u]] 

of / with respect to n along the hft (F, l) by 

=^^(/,n)=F(Xi,...,X„)(-^,... ^'^ 



A. We define the j-ih. tubular neighborhood Xp{f, n) 



^y:kx 



W 



■), 



XUf,n) 



{x £ Sp{F{Xi, . . .,Xn)) \ \ii{x)\ < |nP» for any i}. 



These are also independent of the choices of presentations ji = ki/k and 
lifts fj. Note that the numbers of geometric connected components of these 
affinoid varieties are finite. 

3.3. The case of perfect residue field. Now we assume pA = until the 
end of Section [3l We also assume that the residue field fc of ^ is perfect until 
the end of Subsection 13.41 Since k is perfect, we have the unique inclusions 
k ^ A and k -^ Ok/{t^"^) which are sections of the reduction maps by 
\VI\ Chapitre II, §4, Proposition 8], and the isomorphism ©^^/(vr™) — > A 
induced by i is fe-linear. Let K'^'^ be the maximal unramified extension of 
K in K. Since the residue field of K^^ is k in this case, we also have the 
unique section k — ?• Oi^nr/(7r'") of the reduction map. This gives an inclusion 
[•] : fe ^ 0|f/(7r"^) which is compatible with the map k -^ ©/^/(vr™), and a 
natural inclusion 

k^O^,, x^{[xUx^/%[x^/p\...). 

Then the map (•)" induces an isomorphism of fc-algebras 

Oc^/(ir"^)=.0^/(vr-). 

Consider the lift (-F, l) of A. The map u i— > vr and the natural inclusion 
k -^ 0^\, define an inclusion F ^- C , by which we consider F as a subfield of 
C . By our normalization, the valuation | • [ of -F coincides with the restriction 
of the valuation | • | of C to the subfield F. We have a commutative diagram 
of A;- algebras 



Of 



O, 



(1) 



c^ 



Pi"o 



Ok/{t^' 



OkH-^'' 



since the left vertical composite sends u to vr. 

We choose an algebraic closure F of -F as the algebraic closure of F in 
C , and let F^'^'^ be the separable closure of F in C . The subfield F'^'^p is 
dense in C and the absolute Galois group Gp = QiQS.{F^^^ j F) acts naturally 
on C^ Put K^ = K'^'P n {UnK{TTn)) and Gr^ = Gal{K''''P/K^). By the 
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classical theory of fields of norms of Fontaine- Wintenberger (see [18j). the 
inclusion F — )• C gives an isomorphism of groups 

Gkoo ~ Gf 
which is compatible with the map (•)" : C — > C. 

3.4. A comparison theorem. In this subsection, we prove the following 
main theorem of this section. 

Theorem 3.1. There exists an isomorphism of finite Gx^sets 

via the isomorphism Gk^o — Gp- 

Proof. Put X = {Xi, . . . , Xn)- Let us consider the rings 

Oc[X'/^'] = Oc[xl/'',. . .,xy^\ Oc[X'/n = Ocixl/'"^,. . .^X^n 
for any non-negative integer / and their vr-adic completions 

Oc{X^/p') = Oc[X^/p']\ Oc{X^/P^) = Oc[X^/P^]\ 
We also put 

C{X'/P') = Oc{X'/P)[l/7r], C(Xi/P°°) = Oc{X'/P^)[l/7r]. 
On the side of F, we write as 

o^. [x^^'] = o^, [xl''^' , . . . , xii^\ o^. [xVp-] = o^. [xl'^'-^ ,..., x^n 

and their vr-adic completions as 

O^^iX^P') = 0^.[X^/P']\ Oc.(xVp°°) = Oc.[xl/P°=]^ 

Similarly, we put 

C\X^/P') = Ocb(Xi/p')[l/7r], d'iX^/P^) = Ocb(Xi/P°°)[l/7r]. 

By \IG\ Proposition 5.20], the ring C{X^'p°°) is a perfectoid C-algebra with 
ring of power-bounded elements 

and its tilt given by 

c{x^/p°°)^ = c^(xi/p°°), c(xi/p°°)^° = Oc,{x^/p°°). 

Moreover, we also have a continuous multiplicative map 

{■f:C'{X'/P°^)^C{X'/P°°), g^g^ 
which is compatible with (•)" : C — > C and induces an isomorphism 

([El Proposition 5.17 and Lemma 6.2]). 
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Lemma 3.2. The map {-y induces the natural isomorphism 

defined by X- i— )• X^ over the isomorphism prg : C'cb/(vr™) — )• C'c/(vr''"). 

Proof. We basically follow the notation of [16, Proposition 5.17]. Put R = 
C(Xi/P°°) and R! = C^(xVp°°). Let a : R'° ^ R°/{tt"') be the composite 
of the natural surjection and the isomorphism in the lemma. Consider the 
localization functor M i— > M"" from the category of Oc-vaodvles {resp. 0^\,- 
modules) to that of almost Oc-modules {resp. almost O^b -modules) and 
its right adjoint A^ i-^ A^#. The inverse limit ring lim R° /{tt^) along the 
Frobenius homomorphism is endowed with a natural O^i, -algebra structure. 
Put A = R^" and A^' = {\^^ R° / {ir"^))" . Then, from the proof of [HI 
Proposition 5.17 and 5.20], there exists a unique isomorphism of almost 0,^],- 
algebras ^ : R'""" — > A' which makes the following diagram commutative. 

^/oa ^^^^' 

pro 

The map g ^ g^ mod vr*" is the composite of ** : R'° = (i?'°")* -^ {A^')^ 
and the natural map 

(^^'), = Homo.^((!)^„(^i?7(7r")r) =.^iHomog(0£,(i?7(^-))") 




'-^ Homo»(o£, {RViT^nr) = (A/iT^n)* 



whose image is contained in the subring A^:/(tt^) ~ R°/{tt"^). The above 
map {A^ )* — > {A/{tt"^))^, is equal to the map 

Homo^^(mcb,limi?7(7r"^)) ^ Homojmc, i?7(^™)) 

defined by /i i-^ (e i-^ pro(/i(e ))), where e is any element of O^ which is sent 
by the zeroth projection prg : O^b -^ Oc/{'ir"^) to the element e mod vr™. 
By this description, we see that for any g € R'°, its image (7" mod vr'" € 
(^/(vr™))* coincides with the map 

5e^pro{6'^{e'g)) = 5eaig), 

where 5, e G mc- Namely, it is the map e 1-^ £cr{g). Let (t((7) be a lift of 
a{g) to the ring i?°. Then the map mc ^ R° defined by e 1-^ £(^ig) is an 
element of A^, which is sent to (7" mod vr'" € (^/(vr™"))* by the natural map 
A^ -^ (^/(vr™)),,. Since the isomorphism 

R°^A, = Homo.(0£,^) = Homoe(mc, i2°) 
is given by /i 1-^ (e i-)- eh), we conclude the equality g" mod vr'" = (t((7). D 
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Then the commutative diagram ([!]) and Lemma 13.21 give the following 
corollary. 

Corollary 3.3. The congruence 

ff = fi mod vr"^ 

holds in the ring Oc{X'^^p°°). 

Consider the adic spaces 

Xgd = Spa(C(Xi/p'),Oc(Xi/p')), X^% = Spa{C{X'/f°°),Oc{X'/P°^)), 

X^t^^ = Spa(C^xVp'),Oc,(xVp')), X-t^^ = Spa(C^(Xi/P°°),Oc,(xVP°=)). 

By |161 Theorem 6.3], there exists a homeomorphism r : -^^ ^o ~^ -^r^ 
preserving rational subsets of both sides and satisfying \g{T{x))\ = \g^{x)\ 
for any x G -'^c'oo ^^'^ 9 ^ C (X^/P°°). Here | • (a;)| denotes the continuous 
valuation associated to the point x. We have a diagram 



Poo,l 



vL,i 



(2) ^ti ^0,i 



Pl,0 



pIo 



"^c,o c^o' 

where the vertical arrows are the natural projections. 

Lemma 3.4. The projection pi^i' : X^i -^ -^cv ^-^ ^ continuous open sur- 
jection for any 1,1' G Z>o U {oo} satisfying I > I'. Moreover, if K is of 
characteristic p, then pi^i' is a homeomorphism. 

Proof. We may assume /' = 0. Let / be a non-negative integer. The maps 

C{X) ^ C{X^/'P'), Oc{X) ^ Oc{X^/p') 

are flat and finitely presented, and also radicial if char(i^) = p. We also 
see that the integral domain Oc{X^'p ) is integrally closed. By [14^ Lemma 
1.7.9], the continuous map pi^ is open. Furthermore, the map 

Spec(C(Xi/p')) ^ Spec(C(X)) 

is a surjection, and also a homeomorphism if char(iC) = p. Take x € ^^ q- 
Let pa; be the prime ideal of C{X) defined by 

p, = {fGC{X)\\f{x)\=0} 

and k{x) be its residue field. Let q be a prime ideal of C{X^'p ) above the 
prime ideal px, which is unique if char (ivT) = p. Then there exists a valuation 
on the residue field k{c\) of q whose restriction to k{x) is equivalent to the 
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valuation | • (a;)|, and it is unique up to equivalence if cliar(i^) = p, since in 
the latter case the residue field ^(q) is a purely inseparable extension of k{x). 
We can show that this valuation defines a point of X^j above x and that 
such a point is unique if char(if) = p. Hence the map pi^ is a continuous 
open surjection, and also a homeomorphism if char(Er) = p. 
Next we treat the case of poo,o- By the equality 



I 
and [12[ Proposition 3.9], we have the commutative diagram 



X, 



ad 



ad 



X, 



x^ad 



-Spa(C[Xi/p°°],c:)c[Xi/p°°]) 



Spa(C[Xi/p'],Oc[Xi/p']) 



Sp4C[X],Oc[X]) 



whose horizontal arrows are homeomorphisms preserving rational subsets. 
Hence, by extending valuations as above, we see that the continuous map 
Poo,l is ci surjection for any / and any rational subset of X^^ is the inverse 
image of a rational subset of X^^ for some non- negative integer I. This 
proves the first assertion. If char(if) = p, we also see that the map poo,z is 
a bijection and the second assertion follows. D 

Now we put 

=^^(/,n) = ^'j,if,n)®KC, Xii^''if,n) = Spa(=^^(/,n),^^(/,n)°), 

^^,(/,n) = =^^(/,n)^^e, X^f (/,n) = Spa(=^^,(/,n),=^^,(/,n)°). 

Then we have the equalities 

X^^^if,n) = {xe X^% I \fi{x)\ < \n{xW^ for any i}, 

X^f (/,n) = {xe X^^o I |f,(x)| < \u{xW^ for any i}, 

where fi and fj are the lifts of fi as before. By Lemma 12.2^ we have natural 
bijections 

MX'r'"'iLn))^nf''^{XJ,if,n)), 



MXi:r{f,n))^7rr^{XUf,n)) 

which are compatible with the natural Galois action. Hence we are reduced 
to constructing a natural isomorphism of Gi<-^-sets 
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For any / G Z>o U {cxo}, set X^'*^ (/;^) to be the inverse image of the 
rational subset X^'*^ (/, n) C X'^^ by the natural projection pi^ : X^^i — > 
X^Q. This is the rational subset of X^^ defined by 

{^eXg;>, ||/.(^)l<k(x)P'foranyi}. 

Lemma 3.5. The rational subset X^''^(/, n) of X^^ is the inverse image 
of the rational subset X^^ (/i''^) o/X?;^ by the homeomorphism t. 

Proof. By the relation |5r(r(x))| = |(7'(j;)|, the inverse image in the lemma is 
the rational subset 

{xGXg;^||f«(:E)|<|n«(x)P»foranyi} 

of the adic space X^^. Note the equality u* = it. By Corollarv 13.31 and the 
assumption ji < m, we obtain the equivalence 

|ff(x)| < |7r(x)P» ^ \fi{x)\ < \7t{xW^ 

and the lemma follows. D 

Therefore, the diagram ([2]) induces a diagram 

^PtiM^^xi::l{f,n) 



C,oo 

Poo,l 



p^ , 



(3) Xi:f{f-,n) XllfAj^n) 



Pl,0 



Pl,0 



where r is a homeomorphism. 

Lemma 3.6. The natural projections induce isomorphisms 

MXl:%{f,n)) ^ ^o(4',f (/"")) ^ Mxif\f,n)), 
vro(X^f^(/,n)) ^ 7ro(4f;(/,n)) ^ 7ro(X^f (/,n)) 
of Gk -sets (resp. Gp-sets) for any I. 

Proof. We may only consider the case over C. Since the projections are 
continuous and compatible with the natural Gii--action, the maps are well- 
defined. It is enough to show the bijectivity. If K is of characteristic p, then 
this follows from Lemma 13.41 

Suppose that K is of mixed characteristic. Note that the ring .^j^{f,n) 
is Noetherian and [13^ Theorem 2.2] (or Lemma l2.ip implies that the num- 
ber of connected components of X^^ (/, n) is finite. Moreover, each of its 
connected components is a rational subset. Since pifi is a surjection for any 
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/ G Z>o U {oo}, it suffices to sliow tliat, for any connected component C of 
X^^ {f,n), the inverse image p^Q (C) is connected. 

Suppose tliat we have a decomposition p[~Q (C) = Vi ]J V2 into the disjoint 
union of non-trivial open subsets. Since p^^ {C) is also a rational subset, the 
open subsets Vi are quasi-compact and thus are finite unions of rational 
subsets. For the case of / = 00, this implies that the open subsets Vi are 
the inverse images of some open subsets of X^^^, (/, n) for a sufficiently large 
non-negative integer /'. Since the projection Poo,/' is a surjection, this shows 
that we may assume / € Z>o. 

Let / be a non-negative integer. Since the map pi^ is a continuous open 
surjection, the images Pifi{Vi) are non-trivial quasi-compact open subsets 
covering the connected component C and thus they would meet each other. 
By [12", Corollary 4.2], the intersection of these images has a point defined by 
the map Xi 1-^ Xi with some Xi € Cc- Thus we reduce ourselves to showing 
that, for any such classical point x = (xi,...,x„) G X^'^ (1,^), any two 
points y, y' € pj^ {x) are contained in the same connected component of 

Consider the rational subset 



U — ^Cfii 



ad /^l — Xl,. ■ ■ ,Xn 



IT'' 



= {^ e X'cfi WiXi- x^){z)\ < \TT{z)r for any i} 
of X^Q containing x. Since x satisfies the inequality 

for any i, our assumption ji < m implies that any point z & U also satisfies 
the inequality and U is contained in X^^ {f^n). Then the inverse image 
PTo (^) i^ ^^^ rational subset 

{z G X^i \\{X^- Xi){z)\ < Ivr(z)r for any i} 
of X^i^ containing y and y' which is contained in X^^^^ if^n). 

Lemma 3.7. For any z G X'^^i, any a G Oc and any positive rational 
number j' satisfying 

we have the equivalence 

\{X, - aP')(z)\ < l7r(z)P' ^ lixl^"' - a){z)\ < \7r{z)f/p\ 
Proof. We let ( i denote a primitive p'-th root of unity in C. Then we have 

p'-i 
\{X,-aP'){z)\=ll\ixl/^'-aQ){z)\. 
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Suppose that the inequahty 

\{XI'^' -aC;,){z)\<\^{z)flp' 
holds for some s. Then the assumption on j' imphes 



\{X]/^' - aC;;)(z)| = \{XI'^' - <;, + a(C;, - Ci^){z)\ < W{z)f/P' 



for any other s' . This shows the imphcation of one direction. Conversely, if 

\{Xi-aP'){z)\ < l7r(z)p', then 

mmlixl^P' -aQ){z)\<\n{zW'/p' 
and the other direction also follows from the above claim. D 



Since m < e, Lemma [3771 shows that p^ q (U) is equal to the rational subset 

{z € X^'^i I [(X^P' - xy''')iz)\ < \7T{z)r/p'- for any i}, 

which is a polydisc and thus it is connected by [13 1 Theorem 2.2] (or Lemma 
2.ip . Hence the two points y,y' are contained in the same connected com- 



ponent of X^'']' {f,n). n 

Lemma 3.8. The homeomorphism r induces an isomorphism of finite Gkoo ' 
sets 

via the isom,orphism Gkoo — ^F- 

Proof. By Lemma [3. 5 1 the homeomorphism r induces a bijection of the sets 
in the lemma. It is enough to show that this is compatible with the Gkoo' 
action. Note that the action a* of any element a G Gkoc o^^ the adic space 
X^^^{f,n) is defined by the action of a^^ on the coefficients of the ring 
(C{X^'P°°) and similarly for X^^ {1,^). Every connected component G of 

the adic space X^^^{f,n) is a rational subset which is the inverse image of 
a rational subset of X^^, as is shown in the proof of Lemma 13.61 Thus G 
contains a point x defined by the map 

with some Xi^i G Oc satisfying x^^^-^ = Xi^i for any /. It suffices to show for 
this X that for any a G Gko^j the points (T*(r(x)) and r((T*(x)) are contained 
in the same connected component of X^^ {f^n). Note that we have 

W*{t{x)))\ = \a-\g){T{x))\ = \{a-\g)f{x)\, 
\g{T{a*{x))\ = \gH<r*{x))\ = \a-\gi){x)\ 

foiany g£C\X^/P°°). 
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The system (xi^i);g2>Q defines an element Xj S O^b for any i. Put x = 

fei) • • • ,2Ln) ^-^d x" = (x5) • • • ,2Ln)- By the definition of the map (•)% we 
have x* = (xi^O) • • • ; 2;„^o)- Consider the rational subset 

U = {zG X^f^^ I \{X, - a{xMz)\ < Hz)r for any i} 

of the adic space X^'^ . This is the inverse image of a polydisc in X^'^ by 

the projection p^ g and thus connected by Lemma 13. 4[ By Lemma 13.21 we 
have congruences 

(a^HXi - a(xj))« = a-\Xi - a{xi,o)) = a-\{Xi - a(xj)«) mod tt^ 
in the ring Oc{X^'P°°). Hence we have equivalences 

\{a-\X, - a{x,)))\x)\ < \{a-\u))Hx)r 

4^|(X,-x,,o)(x)|<|7r(x)r 

^ \a-\{X, - a(xj)tt)(x)| < \a-HJ){x)r, 

which implies that the points (T*(r(x)) and t((j*(x)) lie in U. 

On the other hand, let x/ be the unique p -th root of Xj in the perfect 

l/v^ 1/w^ 

integral domain O^b. Then the map X^^ i— t- x^ defines a point of the 
adic space Xi:'^ , which is also denoted by x. The commutative diagram 
([1]) yields the congruence 

(fj(x))f = /i(xi,o, . . . , Xn,o) mod TT™ 

in the ring Oq. Since x G X^^^{f,n), we have the inequality 
|/i(xi,o, . . . ,x„,o)| < kP* for any i 



and the above congruence implies that the points x and a*{x) are contained 
in the rational subset X^^ {fin). Note that the latter point is defined by 



the map X^ i-> <j{x^ ). Thus we see that [/ is contained in X^f (/, n). 
This shows that the points (T*(r(x)) and T{a*{x)) are contained in the same 
connected component of X^^ (/, n) and the lemma follows. D 

By Lemma 13.61 and Lemma 13.81 we have a diagram of bijections 

^o(4'S(/" ")) ^- ^o(X^fi(/, n)) 

(4) Poo,0 

where all arrows are compatible with the natural Galois action. This con- 
cludes the proof of Theorem 13.11 D 



Pcx),0 
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Remark 3.9. The isomorphism p ^ ' of Theorem 13 . 1 1 depends on the choices 
of a uniformizer of A, an algebraic closure K, a uniformizer vr and a system 
of its p-power roots {iri)i(zz^g. 

3.5. The case of imperfect residue field. Now we return to the situation 
of Subsection l3.2[ Namely, we consider a truncated discrete valuation ring A 
of length m with uniformizer vf and residue field k, which may be imperfect. 
We also assume pA = 0. We fix a /c-algebra structure k —^ A which gives a 
section of the reduction map A ^- k. Note that we can always find such a 
map by ^ Theoreme (19.6.1)], since the extension k/¥p is separable. Let 
{K, l), {F, l), f, f and f be as before. 

We fix a Cohen ring C{k) of k. Using [6l Theoreme (19.8.6) (i)], we also 
fix a local homomorphism C{k) — t- Ok which makes the following diagram 
commutative. 

C(k) Ok 



k ^A 

Suppose that K is of characteristic zero. Then this local homomorphism 
is an injection and the C(A;)-algebra Ok is finite. By this fixed map, we 
consider Kq = Frac(C(/c)) as a subfield of K. The extension K/Kq is a 
finite totally ramified extension. 

We fix a p-basis {feAJAeA of k and its lift {bx}xeA in C{k). We also 
fix a system of p-power roots (6a,z);>o of ^A ™ ^k satisfying bxfi = bx 
and t^xi+i ~ ^■^.'- ^^* ^0 ^^ ^^^ completion of the discrete valuation field 
^\,iKo{bx,i), which is naturally considered as a subfield of C Then the 
extension K'q/Kq is of relative ramification index one and the residue field 
k' of Kq is the perfect closure of k in k. Put K' = KqK, the composite 
field in C. This is a finite extension of Kq, and K' /K is an extension of 
complete discrete valuation fields of relative ramification index one satisfying 
Ok' = Ok (^c{k) Ok;^- 

Next suppose that K is of characteristic p. Then the map C{k) -^ Ok 
factors through k and gives a /c-algebra structure of Ok- We have an iso- 
morphism of A;-algebras k[[u]] -^ Ok sending u to vr. Let k' be the perfect 
closure of k in K and K' be the completion of the composite field k'K in 
K. Then the field K' is naturally isomorphic to k'{{u)), and it is naturally 
considered as a subfield of C Moreover, K' /K is an extension of complete 
discrete valuation fields of relative ramification index one. 

In both cases, let K'^"^^ be the separable closure of K' in C and put 
K'^ = /^'sep p (u^x'(7r„)) as before. 

Lemma 3.10. (i) The subfield K'^^^ is dense in C 

(a) The natural map 

Gal{K"''P/K') -^ Gal(i^'^P/i^"^P n K') 

is an isomorphism. 
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(Hi) If char (K) = p, then the extension K' / K is primary. In particular, 
the map in ^^ induces an isomorphism 

Proof. Note that K^^^ is a dense subfield of C. First suppose char(i(') = 0. 
Then Krasner's lemma imphes K'^'^p = K^'^^K' and the assertion (jl]) fohows. 
This equahty also shows the assertion dn]). 

Next suppose char(K) = p. Let {k'KY^^ be the separable closure of k'K 
in C. Krasner's lemma shows K'^*^^ = {k' Ky^^K' ^ K^'^^ and the assertion 
^ follows. Let a be an element of Gal{K'^'^'^ / K') satisfying o"|ii'scp = id. 
Take x € (k'KY^^. Let g{X) be its minimal polynomial over k'K and write 
it as 

g{X) = X^ + aiX^-i + • • • + ON-iX + a^v 
with some Oj G k'K. Then there exists a non-negative integer / satisfying 

af E K for any i. Thus g{X)P' G K[X] and xp' G /C'^'^p. Hence we obtain 
cr(x) = X and the map in the assertion ([n]) is an injection. Let L be a finite 
Galois extension of K^'^'p n K' in K^'^'P. Then we have L n K' = K'^'^ n K' . 
This implies the isomorphism 

Ga\{LK'/K') ~ Ga^L/i^'^'^P n K') 

and the map in the assertion ([n]) is also a surjection. 

Finally, we show that the extension K' jK is primary. Since the algebraic 
extension k'KjK is purely inseparable, it is enough to show that any finite 
separable extension L/k' K in K' coincides with k'K. Since the discrete 
valuation field k' K is the union of finite extensions of K, it is Henselian. 
This implies that the valuation of k' K uniquely extends to L, and thus the 
extended valuation is equal to the restriction of the valuation of K' . Since 
the relative ramification index and the residue degree of L/k'K are both 
equal to one, we obtain L = k'K. D 

Using the isomorphism of Lemma FS.lOl (jn]) , we consider the absolute Galois 
group Gk' = Ga\{K'^'^P/K') as a subgroup of Gk- 

We consider the /c-algebra ^4 as a C(A;)-algebra by the composite C{k) — > 
k —^ A. Put A' = A(^kk' . This ring can be also written as A' = A®c>^ Ok' ■ 
Indeed, this follows from the equality A' = A <^c{k) ^K' foi" char(i^) = 
and 

Ok'K/{7rn = lmi{OiK/{7rn) = lim(Ox/(^™) ®fc = Ox/(7r-) 0^ k' 

l/k l/k 

for char(i^) = p, where the limit runs over the category of finite extensions 
inside k' /k. The map l induces an isomorphism Ox'/iT^™") -^ A' . Thus A' 
is a truncated discrete valuation ring of length m with perfect residue field 
k' endowed with the induced map k' — > A' giving a section of the reduction 
map, and also with the induced lift l' : Ok' — ^ A'. Put F' = k'{(u)). The 
field F is considered as a subfield of F' by the map n i-)- u and the natural 



RAMIFICATION THEORY AND PERFECTOID SPACES 

inclusion k ^ k' . Then the hft l also induces a lift t' : Op' = k'[[u]] 
Hence we obtain the cartesian diagram 
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A'. 



k' 



mm: 



A' 



A- 



Ok' 



Ok- 



Let /' be the image of / by the map A —^ A' . Similarly, let /' and f be the 
images of / and f by the maps Ok — ^ Ok' and k[[u]] — > /c'[[u]], respectively. 
We have the equality 

^'(/') = /' = '-'(f). 
Thus the sets of polynomials /', /' and f are also in the situation of Sub- 
section [321 for the truncated discrete valuation ring A' with perfect residue 
field k' . Note that the extensions K' /K and F' /F are of relative ramification 
index one, and that formation of j'-th tubular neighborhoods is compatible 
with the base change by any extension of relative ramification index one. 
Applying Lemma 12.21 we obtain natural bijections 

^(X],(/,n))^<°-(X^,(/',n)), 



vr; 







vr; 



geom 



(X^(/,n))^^oS^°-(X^,(f,n)) 



'0 y^^F\ 

which are compatible with the G/^f'-action and the Gi^'-action, respectively. 
Hence Theorem 13.11 implies the following theorem. 

Theorem 3.11. There exists an isomorphism of finite Gk' -sets 



K,F 



Pi 



TTn 



\X^(/,n))^vrr"(X^(/,n)) 



7,n • "0 

via the isomorphism Gk' — Gpi of the classical theory of fields of norms 
which fits into the commutative diagram 



TTn 



vr; 



geom 




iXJ,{f,n)) 



(XUf'^ri)) 



-^tt: 



^'^°^{XUf,n)) 



-^vr, 



geom 




(^^,(/',n)). 



Pfi 



f',n 



K',F' 



where p^, ' is the isomorphism of Theorem \3.1[ 

J )^ 



D 



K,F 



Remark 3.12. When k is imperfect, the isomorphism p^' depends on 
the choices of a A;-algebra structure and a uniformizer of A, a p-basis and 
a Cohen ring C{k) of k, an algebraic closure, a local map C{k) — >■ Ok, a 
uniformizer vr, a lift {bx}x^\ of the fixed jj-basis of k and compatible p-power 
roots of vr and bx for K. 



22 shin hattori 

4. Non-log ramification 

In the rest of the paper, we give appHcations of Theorem 13.111 to rami- 
fication theory. Let A be a truncated discrete valuation ring of length m, 
with residue field k of characteristic p > 0. We ahow the case where k is 
imperfect. We fix a uniformizer vf of A. Let i? be a finite flat ^-algebra. 
The aim of this section is to study ramification of the extension B/A, as in 
[8] and [U]. 

4.1. Ramification theory over truncated discrete valuation rings. 

First we briefly recall the construction of a ramification theory of B/A for a 
fixed lift {K, i) of A given in [8]. Let {K, l) be a lift of A. Fix an algebraic 
closure K and a uniformizer tt of K. We let k denote the residue field of K^ 
as in Subsection 13.11 Let j € Q n (0, ttz]. Fix a system of finite generators 
Z = (zi, . . . , Zn) of the A-algebra B. This defines a surjection of A-algebras 

A[Xi,...,Xn] ^B, Xi^Zi. 

We let Iz denote its kernel. Fix a system of finite generators / = {/i, . . . , /y.} 
of the ideal Iz ■ We put 

X^^{B,Z) = x\,{J,m 

with the notation of Section [31 where we identify j with the r-tuple (j, . . . , j). 
The ii'-affinoid variety Xj^(B,Z) is independent of the choice of a system 
of finite generators /. This is referred to as the j-th. tubular neighborhood 
of B with respect to a system of finite generators Z along the lift {K, l). 

We consider a question of functoriality of the finite Gx-set 7rQ^°"^{Xj^{B, Z)). 
Though this is done in [HI Section 2], we present here detailed proofs of 
results stated in [8] whose proofs are omitted, since we will use some of 
the omitted arguments. Let B and C be finite fiat ^-algebras. Let Z = 
(zi, . . . , Zn) and W = {wi, . . . , Wn') be systems of finite generators of the A- 
algebras B and C, respectively. Let -0 : i? — > C be an A-algebra homomor- 
phism satisfying ^p{Z) CW. Put X = (Xi, . . . , X„) and Y = {Yi, . . . , y„/) 
as before. Choose a ring homomorphism ^ : Ok[X] — t- Ok[Y] which makes 
the following diagram commutative: 

Ok[X]^^Ok[Y] 



B -^C, 

i> 

where the vertical arrows are the maps Xi i— )• Zi and Yi h^ Wi defined using 
l:Ok^A. Put ^(X) = (^(Xi), . . . , ^(X„)) G OK[Yr. 

Lemma 4.1. The map ^ induces a morphism of K-affinoid varieties 

^*:X'j,{C,W)^X'^[B,Z). 
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Moreover, the map induced on the set of geometric connected components 

is independent of the choice of^. 

Proof. This is implicit in ^ Section 2] , and its proof is similar to [21 Lemma 
1.9]. Let / = {/i, . . . , fr} be as above and / be its lift by the surjection l, 
as in Subsection 13.21 Define g = {gi, ... ,gr'} and g similarly for C. Then 
the kernel of the surjection Ok[X] — > i? is the ideal (vr"*, /i, . . . , /r) and 
similarly for C. The polynomial fi{^{X)) £ OkIY] is contained in the ideal 
{■K^,gi, . . . ,gri). This shows the implication 

\9i{y)\ < kP for any i =^ |/i(^(X))(y)| < \tt\^ for any i 

for any y = (yi, . . . , y„/) G O^ and the first assertion follows. Moreover, we 
have a natural cartesian diagram 

XJ,{B, Z){K) Homo^..aig.(0/d^], Oi?) 



HomA-aig.(5, Oa/m^j^) Homo^_aig.(Oi^[X], Ofi/m'^), 

where tU'^ = {x G Oj^ \ \x\ < |vrp} and the vertical arrows are surjections. 
Since the fiber of the left vertical arrow is the polydisc of radius [vrp and it 
is connected, we have a commutative diagram 

HomA-aig.(C; C'^/n^if ) ^ Honu-aig.(5, ^i^/m^) 



7rr^\XJ,iC, W)) ^, : ^"'"(^^(i?, Z)) 

whose vertical arrows are surjections. The second assertion follows from this 
diagram. D 

Applying Lemma |4. II to the case of id : 5 ^ S, we obtain the inverse 
system 

{nf'^^{Xj,{B,Z)))z. 

Lemma 4.2. This inverse system is constant. 

Proof. This is also implicit in ^, and the proof is similar to fV, Lemma 3.1]. 
We may assume that Z = (zi, . . . , Zn) and W = (zi, . . . , z„, Zn+i)- Let / = 
{/i, . . . , fr-} be as before. Consider a system of finite generators of the kernel 
of the surjection A[Xi, . . . , X„+i] — > B associated to W . Then its lift ghy l 
can be taken as g' = {/i, . . . , fr, Xn+i — h} with some h G Ok[Xi, . . . , Xn]. 
Thus the map 

(^Xl, . . . , Xfij Xn-\-l) ' ?■ (3^1) ... ) Xn, Xn-\-l il[^Xi, . . . , Xn)) 
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induces an isomorphism of X-affinoid varieties Xj^(B,W) — )• X-^{B,Z) x 
Dk{0, |vrp) fitting into the commutative diagram 

XJ,{B, W) XJ,{B, Z) X Dk{^, Ivrp) 

pri 

■' 

where -Dx(0, |7rp) is the one-dimensional disc of radius |7rp centered at the 
origin. This imphes the lemma. D 



By Lemma |4. II and Lemma 14.21 

J^^^)(S) = limvrf^°-(X^(S,Z)) 
z 

defines a contravariant functor from the category of finite flat ^-algebras to 
that of finite Gi^f-sets. 

4.2. Ramification correspondence between different characteristics. 

Now we assume pA = and fix a fc-algebra structure of A which gives a 
section of the reduction map A — )• A;, as in Subsection 13.51 Let (X, l) and 
(F, i) be lifts of A as in Subsection 13. 1[ 

Let -B be a finite flat ^-algebra, Z be its system of finite generators and 
j be a positive rational number satisfying j < m. Let / be a finite sub- 
set of A[X] with respect to Z, as before. Let K, C, C^ K' , K'^ and F' 
be as in Subsection 13.51 From the definition of the j'-th tubular neighbor- 
hoods Xj^(S,Z) and Xp{B,Z), Theorem 13.111 yields an isomorphism of 
finite Gk' -sets 

oo 

which is also denoted by p^ '^ . Then the main result of this subsection is 
the following. 

Proposi 

functors 



Proposition 4.3. The isomorphism p^'^ induces a natural isomorphism of 



from the category of finite flat A-algebras to that of finite Gk' -sets, via the 
isomorphism 

Gk' ^Gf' 
of the classical theory of fields of norms. 

Proof. Let A, B, Z and / be as above. Recall that we considered a map 
A — 7- ^' of truncated discrete valuation rings in Subsection 13.51 Put B' = 
B 0A A', which is a finite flat ^'-algebra. Then Z defines a system of finite 
generators of the A'-algebra B', which is denoted by Z'. The kernel of the 
surjection A'[X] — ^ B' associated to Z' is generated by the image /' of / by 
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the map A — t- A'. Thus, from the definition of the map p^'z^ it is enough to 

show a similar statement for the map p^, '^, . Namely, we may assume that 
the residue field k is perfect. 

Let C be a finite flat A- algebra with system of finite generators W. Let 
'0 : -B — >■ C be an ^-algebra homomorphism satisfying il^{Z) C W. Put 
n' = ^W andY = {Yi,..., Yn'). We choose a lift * : Ok[X] -^ Ok[Y] of ^ 
along the lift (K, i) as in Subsection liTTl and put ^j = ^(Xj) G Ok\Y]. 

Consider the adic spaces 

X-^% = SpaiC{X),Oc{X)), Yi^ = Spa(C(y),Oc(r)). 
Let X^^ be the adic space over X^'^q considered in Subsection 13.41 and 
^c 00 ^^ ^ similar adic space for l^jf o- ^^^ -^c^ (^' ^) ^^ ^he adic space 
associated to the base change of the rigid analytic space Xj^(i?, Z) to Sp(C), 
as before. Let X^^^(B,Z) be its inverse image by the natural projection 
Poofi ■■ X^"^^ -^ X^'^Q. We define adic spaces Yi''^{C,W) and Yi''^{C,W) 
similarly, using Y^q and Y,^^. The map ^ induces a morphism of adic 
spaces ^* : Fj^g -^ X^'^q which maps the rational subset Yi''"^{C,W) to 
X^^ (B, Z). Thus we have a diagram of finite sets 



MYltiC,W)) ^Mxi:t{B,Z)) 



MYl''\c, w)) ^^ Mxii^\B, Z)), 

where the lower horizontal arrow is compatible with the Galois action. Since 
the vertical arrows are also bijections compatible with the Galois action by 
Lemma 13.61 there exists a unique map 

^o(^*)oo : My^,^{C, W)) ^ MX'c^iB, Z)) 

which makes the above diagram commutative. From the definition, we see 
that this map is also compatible with the Galois action. 
On the other hand, let 

^C^O' ^C^O' ^C^oo' ^C^oo' ^c'^oo^^'^) ^^^^^cCoo^^'^) 

be similar adic spaces on the side of F. We choose \1'^ G Cf[^] so that the 
images of ^j and ^^ in the ring A\Y] by the surjections induced by l and 
L coincide with each other. Let ^ : Oir[X] — )• O^i^] be the map defined 
by Xi I— >■ Wj^. Then it is a lift of ijj along {F,l) as in Subsection 14.11 This 
induces a morphism of adic spaces [^^)* : Y^^ — > X^ . Note that, by the 

choice of ^^ , Lemma 13.21 yields the congruence 
(5) (^,^)« = ^i mod vr'" 
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Since the integral domain Oq\,{Y^'^°°) is perfect, we have the unique 

--UI1 lUUU y-^^J ■■ KJL ^^ 111 Uli 

a niorphism of adic spaces (^oo) 
commutative diagram 



p'-th root (^,^)^/p' of -^l in this ring. The map x]^"^ ^ i^\)^^'^' defines 



c^oo 



X?;^ which fits into the 



TAad 



X: 



ad 

c^( 



v'. 



ad 



^x, 



ad 



and induces a continuous map (^oo)* ■ Y^C {C, W) -^ X^f {B, Z). More- 
over, we can see as above that the induced map 

is also compatible with the Galois action. Hence we are reduced to showing 
that the lower square of the diagram 



■,ad 



i,ad / 



MYl'^'^iC, W)) ^^^ MX^^^{B, Z)) 



MYt^ic, w)f^^^^MxiitiB, Z)) 



MYlC"jC,W))^^no{X-:^jB,Z)) 



is commutative. 

This can be shown as in the proof of Lemma 13.81 Take a point y in 

a connected component of Y^'^{C,W) defined hy Y- i— t- yi^i with some 
yu G Oc satisfying y^j_^^ = yi^i for any /. Put yo = (yi,o, . . • ,y„',o)- Note 



that yo e ^c (C' ^) and ^*(yo) G ^c (^' ^)- Moreover, the latter point 
is defined by the map Xi \-^ ^j(yo)- Choose a system (^j(yo) 



i/p' 



n>o 



of its 



p-power roots in Oc satisfying (^i(yo)"'^ Y — ^j(yo)^ • Then the map 
X^^' ^ "^iiyoy/p' gives a point ^*(yo)^/^°° of the adic space X^^'^{B,Z). 
From the definition, we see that the map vro(^*)oo sends the connected 
component containing y to the connected component containing ^*(yo)^'^°°- 
It is enough to show that the points 

i^lnTiy))andTi^*{yo)'/^^) 
are contained in the same connected rational subset of the adic space X^^ {B,Z). 
Put y. = {yi^i)i G O^b and y_ = {y^, . . . ,y_^,) as before. Then we have y^ = 
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(?/i,0) • • • -.Vn'fl) and the commutative diagram ([1]) implies y G Yl^^ {C,W). 
We let y also denote the unique inverse image of this point in Yl,'^ (C, W). 
Let V be the rational subset of X^ defined by 

From Lemma 13.41 we see that V is connected. By the definition of the map 
(^^)*, the point (^^)*(y) lies in V and the assumption j < m implies 

V C X^f {B,Z). By the commutative diagram ([1]), Lemma [312] and the 

congruence ([5]), we obtain the equivalences 

\{^\ - ^\{y))Ky)\ < \J{y)r ^ H^DKy) - {^'Mfl < kr 

^ \^,iyo) - ^^{yo)\ < kl™ ^ l^^iyo) - i^l{y))H < kP 

^ I(X, - (*,^(y))«)(^*(yo)^/^°°)| < H^*{yo)'^P^)r 

^ |(X, - vI'^(y))«(^*(yo)'/^°°)| < \u\^*{yo)'/'^^)r. 

This implies the claim and concludes the proof of the proposition. D 

Corollary 4.4. Let j be a positive rational number satisfying j < m. Let 
(Ki,Li) and {K2,i2) be lifts of A. Then there exists a natural isomorphism 

PKi,K2 ■ ^{Kim) ~^ -^(^2/2) 

of functors from the category of finite flat A-algebras to that of finite sets. 

Proof. Note that the functor J-'^„ . is independent of the choice of an alge- 
braic closure of F, up to a natural isomorphism. The corollary follows from 
this fact and Proposition 14. 3[ D 

Remark 4.5. The natural isomorphism pKi,K2 depends on various choices: 
it depends on the choices of a A;-algebra structure and a uniformizer of A, a 
p-basis and a Cohen ring C{k) of k, an algebraic closure, a local map C{k) — > 
Oki, a uniformizer, a lift of the fixed p-basis of k and their compatible p- 
power roots for Ki and similar choices for i^2- 

4.3. Ramification of complete intersection ^-algebras. Let ^ be a 

truncated discrete valuation ring of length m. Let S be a finite flat A- 
algebra which is relatively of complete intersection ([71 Definition (19.3.6)]). 
The following lemma gives typical examples of such an extension B/A. 

Lemma 4.6. (i) Let K be a complete discrete valuation field with uni- 

formizer IT. Let L be a finite extension of K and n be a positive 
integer. Then Ol (resp. Ol/{t^^)) is a finite flat Ox-algebra (resp. 
Ok /{t^"")- algebra) which is relatively of complete intersection, 
(a) Let A and B be truncated discrete valuation rings such that B is a 
finite flat A-algebra. Then the A-algebra B is relatively of complete 
intersection. 
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Proof. Since Ol is a complete Noetherian regular local ring and tt is a regu- 
lar element, the ring Ol/{tt) is a ring of complete intersection ([71 Definition 
(19.3.1)]). Then the first assertion follows from the definition and fT'j Corol- 
laire (19.3.8)]. The second assertion also follows from the definition, since 
B ®A A; is a truncated discrete valuation ring, and thus a ring of complete 
intersection. D 

Definition 4.7 ([H], Definition 3.2). Let i? be a finite flat A-algebra which 
is relatively of complete intersection, {K, l) be a lift of A and i G Q n (0, m]. 
We say that the ramification of B /A is bounded by j if 

This condition a priori depends on the choice of a lift (i^, l) of A. However, 
the following corollary shows that it is in fact independent of the choice of 
a lift, for the case of pA = 0. 

Corollary 4.8. Suppose pA = 0. Let j be a positive rational number sat- 
isfying j < m. Let B be a finite flat A-algebra relatively of complete inter- 
section. Then the condition that the ramification of B/A is bounded by j is 
independent of the choice of a lift (K, i) of A. 

Proof. This follows immediately from Corollary 14.41 D 

Next we study a relationship between ramification of finite flat j4-algebras 
and of finite flat algebras over complete discrete valuation rings. Let K 
be a complete discrete valuation field of residue characteristic p > with 
algebraic closure K. For any finite flat Ox-algebra i?, put Bk = B ®Ok ^ 
and Tk{B) = Homx-alg.l-Bi^-, -^). For any positive rational number j, let 
J-'j^ be the functor of (non-log) ramification theory for K constructed in [U 
Subsection 3.1]. It is a contravariant functor from the category of finite flat 
Oi^-algebras to that of finite G/^-sets which is endowed with a natural map 
of finite Gj<--sets 

Tk{B)^P^{B). 

If the Oi^-algebra B is relatively of complete intersection, then this map is 
a surjection ([1, Proposition 6.1]). 

Definition 4.9. For a finite flat O/^-algebra B relatively of complete in- 
tersection, we say that the (non-log) ramification of B/Ok is bounded by j 
if 

SJ|,(^)=ranko^(5). 

For a finite extension L/K, we say that the ramification of L/K is bounded 
by j if the ramification of Ol/Ok is bounded by j. 

Note that, if the i^-algebra Bk is etale, then it is equivalent to the defi- 
nition given in [1; Definition 6.3]. Moreover, if the ramification of B /Ok is 
bounded by some j, then the -fC-algebra Bk is etale. 
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Let A be a truncated discrete valuation ring of length m and (K, l) be a 
lift of A. For any finite flat O^^-algebra B, the A-algebra B = B (^Ok,'- ^ 
is a finite flat ^-algebra. If the Oii'-algebra B is relatively of complete 
intersection, then the j4-algebra B is also relatively of complete intersection. 
For any positive rational number j < m, [U Lemma 1] yields a natural 
isomorphism of finite Gx-sets 

Lemma 4.10. Let K be a complete discrete valuation field of residue char- 
acteristic p > with uniformizer vr. Let n be a positive integer and j be a 
positive rational number satisfying j < n. 

(i) (^llj, Corollary 3.5) Let B be a finite flat OK-o,lgebra which is rela- 
tively of complete intersection. Put A = Ox/Itt") and B = B/{it"'). 
Then the ramification of B/Ok is bounded by j if and only if the 
ramification ofB/A is bounded by j. 
(a) Let L be a finite extension of K. Put A = ©/^/(vr") and B = 
©^/(vr"). If the ramification of B/A is bounded by j, then L is a 
separable extension of K . 

Proof. The first assertion follows from the definition and [H Lemma 1]. Let 
us show the second assertion. By Lemma WM (ji]), the finite flat Oi^'-algebra 
Ol is relatively of complete intersection. By [H Proposition 6.1], we have a 
surjection 

Hence we obtain the inequality 

[L:K]> ^Fk{Ol) > %Pk^Ol) = IT[k,)^^) = i^ ■ ^1' 

which implies that the extension L/K is separable. D 

Corollary 4.11. Let Li/Ki and L2/K2 be extensions of complete discrete 
valuation fields of residue characteristic p > 0. Let ttk^ be a uniformizer 
of Ki. Let e{Ki) be as in SectionUi Let m be a positive integer satisfying 
m < minje(Xi). Suppose that we have compatible isomorphisms of rings 
OKji^'R,) ^ OKjiir'Jl,) and OlJ{^Z) ^ ^Lji^^^). Then, for any 
positive rational number j < m, the ramification of Li/Ki is bounded by j 
if and only if the ramification of L2/K2 is bounded by j. 

Proof. By [8; Lemma 1] and Corollary 14.41 we obtain the equalities 

from which the corollary follows. D 

4.4. An equivalence of categories. Let ^ be a truncated discrete valua- 
tion ring of length m with residue field k of characteristic p > 0. 
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Definition 4.12. {[LL, Section 2]) A truncated discrete valuation ring B is 
said as a finite extension of A if it is a finite flat A- algebra for m > 2, and 
if it is a field which is a finite extension of k for m = 1. 

Note that for any finite extension B/A of truncated discrete valuation 
rings, the A-algebra B is relatively of complete intersection by Lemma 14.61 

m- 

Any finite extension B/A of truncated discrete valuation rings has the 
following lifting property, which is shown in the first part of the proof of 
[Til Proposition 2.2]. This proposition also states that L/K can be taken 
to be finite separable. However, the proof of this latter part seems to have 
a gap, since it is not clear in general that we have the equality p' (1 R = q 
with their notation. 

Lemma 4.13. Let B be a finite flat A-algebra which is relatively of complete 
intersection and {K, l) be a lift of A. Then there exist a finite flat Ox-o-lgebra 
B which is relatively of complete intersection and a cartesian diagram 

Ok --B 



" 



A ^B. 

Moreover, if B/A is a finite extension of truncated discrete valuation rings, 
then the Ox-o-lgebra B can be taken to be the ring of integers Ol of a finite 
extension L/K . 

Proof. We present a proof for the convenience of the reader. We may assume 
that B is local with maximal ideal m^ and residue field ks- By assumption, 
the ring B^^k is a ring of complete intersection. Fix an ^d-algebra surjection 

k = A[Xi,...,Xn]^B. 

Consider the surjection A = Ok[Xi, . . . ,Xn] — >• A induced by l and let m 
{resp. m) be the maximal ideal of A (resp. A) which is the inverse image of 
ms- The completions of the local rings Am and A^ are denoted by R and 
R, respectively. Let m/j be the maximal ideal of the local ring R and vr be 
a uniformizer of Ok- 

The local ring ^ is a fiat A-algebra such that R 0a k is regular. Then 
[3 Corollaire (19.3.5)] implies that the kernel n of the surjection R ^ B is 
generated by a regular sequence {gi, . . . ,gr) of R. Let gi he a lift of gi in 
R. Since the sequence (vr™',^!, . . . ,gr) in the ideal xur is regular and the 
local ring R is Noetherian, the sequence {gi, . . . ,gr,ii"^) is also regular by 
[61 Corollaire (15.1.11)]. Then the O/^-algebra B = R/{gi, . . . ,gr) is fiat 
and vr-adically complete. From the definition, we have B/{'k'"^) ~ B and 
thus the Ox-algebra B is finite. By assumption, the /c-algebra B ®Ok ^ i^ 
relatively of complete intersection. From [7, Corollaire (19.3.8)], we see that 
the Ox-algebra B is also relatively of complete intersection. 
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Next we assume that B /A is a finite extension of truncated discrete valu- 
ation rings, lim = 1, tlien we can construct L as in the lemma by taking an 
unramified extension of K for the case where B /k is separable, an extension 
generated by a lift of a generator of B/k for the case where B /k is purely 
inseparable of degree p and by induction for the general case. 

Let us consider the case of m > 2. We identify the residue field of R with 
ks- Put n = Ker(i? -^ B) = {7r"^,gi, . . . ,gr). Since m > 2, the maximal 
ideal xub is not zero and we have an exact sequence of /c^-vector spaces 

-^ n/(n n m|j) -^ mij/m|. -^ rriB/m^ — > 0, 

where the /c^-vector space on the middle (resp. right) term is of dimension 
n + 1 (resp. one). The assumption m > 2 also implies that the fc^-vector 
space on the left term is generated by the images of gi, . . . ,gr, and thus 
r > n. Since the local ring R is Cohen-Macaulay of dimension n + 1, the 
maximal length of regular sequences in vxr is n + 1. Hence we obtain r = n 
and the images oi gi, . . . ,gn in n/(nnm|j) are linearly independent over ks- 
This means that gi, ■ ■ ■ ,gn form a part of a system of regular parameters of 
the regular local ring R. Thus the local ring B = R/{gi, . . . ,gn) is regular 
of dimension one, namely a discrete valuation ring. Since it is flat over Ok , 
the map Ok — )• -B is an injection. Since it is vr-adically complete, it is also 
a complete discrete valuation ring and the second assertion follows. D 

Let B/A and B' /A be finite extensions of truncated discrete valuation 
rings. For any lift (K, l) of A and any positive rational number j < m, we 
define an equivalence relation ~j on the set Homyi_aig.(-S,5') by 

^ -^ ^' ^ j'iK,)^ = ^iK,)i^') 

for any A-algebra homomorphisms tpjip' : B ^ B'. 

Lemma 4.14. The equivalence relation ~j is independent of the choice of 
a lift (K, l) . Moreover, it is compatible with the composite. 

Proof. Let {K',i') be another lift of A. By Corollarv 14. 4^ we have a com- 
mutative diagram 

RomA.,i,XB,B') ^Map{Ti^^^^iB'),Ti^^^^{B)) 



M^v{FIk',u)^B'),TI^,^^,^{B)), 

where the vertical arrow is a bijection. This implies the first assertion. If 

■01 ~j il)'^ and -02 ~j "02! then 

^lK,,)i^l o 02) = ^Ik,,)^^^) o -^('i^,,)(V'l) 

= ^iK,P'2) ° ^Ik.P'i) = ^Ik.P'i ° ^2) 

and the second assertion also follows. D 
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Definition 4.15 ([Uj, Definition 3.3). We define a category FFP^-' as fol- 
lows: the object of FFP^-' is any finite extension B /A of truncated discrete 
valuation rings such that the ramification of B /A is bounded by j. The 
morphism of FFP^"' is defined by 

Homppp^,(S,S') = HomA-aig.(^,^')/ ~i • 

Theorem 4.16. The category FFP^-' is independent of the choice of a lift 
{K,i) of A. 

Proof. This follows from Corollary 14.81 and Lemma 14.141 D 

On the other hand, let {K, l) be a lift of A and FE]~.'' be the category 
of finite separable extensions L/K such that its ramification is bounded by 
j. For j < m, we have a natural covariant functor rr£ ^ : FE^-' -^ FFP^-' 

defined by L i-^ Ol/{t^^), where vr is a uniformizer of K and we consider the 
ring Oi/{'k"^) as an ^-algebra by the isomorphism ©^^/(Tr™) ~ A induced 
by i. Indeed, this functor is well-defined by Lemma 14.101 (ji]) for m > 2 and 
by [U Proposition 6.9] for m = 1. Then the following proposition is shown 
in [TT], which we present a proof for the convenience of the reader. 



Proposition 4.17 (^11], Corollary 1.2). The functor r"^^ . : FEf^' -^ FFP^^' 
is an equivalence of categories. 

Proof. First we show that the functor is essentially surjective. Let B be an 
object of the category FFP^-' . By Lemma r4.13l there exists a finite extension 
L/K satisfying Ol 'S>Ok,l A 'r^ B. By Lemma [4.101 the extension L/K is 
separable and its ramification is bounded by j. 

For the full faithfulness, let L and L' be objects of the category FE]^^. Put 
B = Ol/{tt"^) and B' = Ol//{tt"^). Then we have a commutative diagram 

Homi^_aig.(-^,-^') 

I 

Homo^.aig.(CL, Ol') HomA-aig.(^, B') 



MapG^(J-^(OL'),-^^(OL))-^MapG,(7-(^^^)(B'),-^^,,)(i?)). 

Here MapQ^ means the set of morphisms of finite G^-sets. Note that the 
left vertical arrows are bijections, since the ramifications of L/K and L' /K 
are bounded by j. Moreover, the lower horizontal arrow is also a bijection 
by [8", Lemma 1]. The full faithfulness follows from this diagram and the 
definition of the equivalence relation ~j . D 

Corollary 4.18. Let Ki and K2 be complete discrete valuation fields with 
residue fields ki and k2 of characteristic p > 0, respectively. Let e{Ki) be as 
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in SectionUi Let j be a positive rational number satisfying j < miiiie^Ki). 
Suppose that the fields ki and k2 are isomorphic to each other. Then there 
exists an equivalence of categories 

FEg^FEg. 

In particular, there exists an isomorphism of topological groups 

where G]^. is the j-th (non-log) upper ramification subgroup of Gxi (lH 
Section 3]). 

Proof. Put m = niinje(i^j). Let vrx^ be a uniformizer of K^. Note that 
if char (Ki) = 0, then the ring O^. can be considered as a finite totally 
ramified extension of a Cohen ring of ki. Thus the ring Ai = OKi/i"^^) is 

non-canonically isomorphic to ki[u]/{u"^). Hence the categories FFP^-' and 

FFP^'' are equivalent, and the first assertion follows from Proposition 14 . 1 7l 
The second assertion can be shown verbatim as the proof of O (3.5.1)]. D 

5. Log RAMIFICATION 

In this section, we prove a variant of Proposition 14.31 for log ramification 
([H Subsection 3.2]). 

Let -fC be a complete discrete valuation field with residue field k of char- 
acteristic p > and uniformizer vr. Let K be an algebraic closure of K. 
Let L be a finite extension of K with residue field k^, uniformizer vr/, and 
additive valuation vl which is normalized as vl{ttl) = 1- Let e^/K be the 
relative ramification index of the extension L/K. Let Z = (zi, . . . , z^) be 
a system of finite generators of the C'i<--algebra Ol and P be a subset of 
{1, . . . ,n} such that the set {zi \ i G P} contains a uniformizer of Ol and 
does not contain the zero element. Such a pair (Z, P) is referred to as a 
log system of generators of the O/^'-algebra Ol- Put Cj = viizi) for any 
i £ P. Consider the surjection Ok[X] — > Ol associated to Z and write its 
kernel as (/i, . . . , fr). For any i £ P, we choose a lift gi G Ok[X] of the 
unit z^^ /tt'^' by this surjection. For any i,i' G P, we also choose a lift 
hi^i' € Ok[X] of the unit zp/z^'' . For any positive rational number j, the 
j-th log tubular neighborhood Xj^ ^ (Ol, Z, P) of the 0/<-algebra Ol with 
respect to {Z, P) is the X-affinoid variety defined as 



X G Sp{K{X)) 



\fiix)\ < Ivrp' for any i, 

U^^eL/K _ 7re»^.)(a;)| < [vrp'+e« for any i G P, 

\lx^; - X-''hi,,>){x)\ < \TT\^+^-^i'/^L/K for any i,i' G P. 



Then the iiT-affinoid variety Xj^^ {Ol, Z,P) is independent of the choice 
of fi, gi and /ij^j'. Though L/K is assumed to be separable in [U Subsection 
3.2], a verbatim argument shows that the inverse system of finite G^-sets 

{-r"'ixk,o,iOL,z,p))}^,,P) 
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is constant also for the case where L/K is not separable. This gives a 
contravariant functor 

iz,P) 
from the category of rings of integers of finite extensions of K to that of 
finite G^r-sets. We have a natural map of finite Gj^-sets 

which is a surjection if the finite extension L/K is separable (^ Proposition 
9.3 (i)]). 

Lemma 5.1. Let L/K be a finite extension and M be the separable closure 
of K in L. Then we have 

Proof. We may assume char(i^) = p. It suffices to show the equality in 
the lemma for any purely inseparable extension L/M of degree p of finite 
extensions of K. Let kM and vrjv/ be the residue field and a uniformizer of M. 
Let zi, . . . , Zn~i be a lift in Om of a system of finite generators of the finite 
extension kM/k and put Zn = ttm- Then Z = (zi, . . . ,Zn) and P = {n} 
form a log system of generators of the O/^'-algebra Om- Let (/i,...,/^) 
be the kernel of the associated surjection Ok[X] — > Om and 5 be a lift of 
the unit tt^^ /vr by this surjection. Then the log tubular neighborhood 
Xj^^ {Om,Z, P) is the affinoid subdomain 

{x G Sp{K{X)) I \fi{x)\ < Ivrp- for any i, \{Xn'"" - ng){x)\ < \n\^+^} 

of the n-dimensional unit polydisc D'^ over K. 

Suppose that L/M is totally ramified. Then we have an isomorphism of 
CM-algebras 

Om[Y]/{VP-t,m)^Ol. 
Let z'^ be the image of Y by this isomorphism, which is a uniformizer of L. 
Put z'j^ = Zi for i <n — \. Then Z' = {zj, . . . , 2^_i, 2:^} and P' = {n\ form a 
log system of generators of the O^-algebra Ol . The kernel of the associated 
surjection Ok[X] — )■ Ol is the ideal 

{fl{Xl, . . . ,Xn-l,X^), . . . , fr{Xi, . . . ,Xn-l,XP)). 

The surjections associated to Z and Z' fit into the commutative diagram 

Ok[X] -Om 



Ok[X] ^Ol, 

where the right vertical arrow is the natural inclusion and the left vertical 
arrow is defined by Xi >—^ Xi for i < n — 1 and Xn 1— ?• Xn- Since the 
natural inclusion sends Zn /ti to (z^J'^^/^'/tt, the latter element is lifted to 



X e Sp(i^(X)) 
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g{Xi, . . . , X„_i, Xn) by the surjection Ok[X] -^ Ol- Thus the log tubular 
neighborhood X-^^^ {Ol-,Z\P') is the affinoid subdomain 

\fi{Xi,... ,Xn~i,X'^){x)\ < Ivrp' for any i, 
\{Xr''^^ -7rg{Xu...,Xr,-i,XP))ix)\ < |^P+i 

of the n-dimensional unit polydisc D"^. Let C be the completion of K. 
To compare the sets of geometric connected components, we may pass to 
an adic space over Spa(C, Oc) and consider the sets of connected com- 
ponents by Lemma 12.21 Let X^^^ {Om,Z,P) be the adic space associ- 
ated to the base change of Xj^^ {Om,Z,P) to Sp(C). We also define 
X^^^ (Ol, Z' , P') and D]^'^ similarly. From the definition, we see that the 
rational subset X^^'\ {Ol, Z' , P') is the inverse image of the rational subset 
^c,'iog(^M, Z, P) of Dj^''' by the map 

Since this map is a homeomorphism, the claim follows in this case. 

Next suppose that L/M is of relative ramification index one. We have an 
isomorphism of Ojv/-algebras 

OM[Xn+i]/{Xl^^ -a)^OL, X„+i ^ 4+1 = a^/P 

with some a E O^j. Put z'^ = Zi for i < n. Then Z' = {z[, . . . ,^;^+i) and 
P = {n} form a log system of generators of the C'j<--algebra Ol. Let /' be a 
lift of the element a by the surjection 0;^[X] -^ Om associated to Z. Define 
X^f^ [O M ■, Z , P) and X^^^^ {Ol,Z',P') similarly to the above case. Then 

Xp\ (Ol, Z' , P') is the rational subset 



C,logV 

\fi{Xi,... ,Xn){z)\ < \tt{z)\^ for any i, 
|(X^+i-/'(Xi,...,X„))(z)|<Kz)P, 
|(X:^-^/" - TrgiX^,. . . ,X„))(z)| < \7r{zW+' 



z G !)"+'•"<' 



of the (n + l)-dimensional unit polydisc D^ '^ . Now we consider the map 

-)n,ad ^ p)n,ad / -^^ V \ ^ i vP 



V : D^^^^ ^ Z?^'^^ (Xi, ...,Xn)^ {XI . . .,XP), 

fjM ( 
C,logl 



which is also a homeomorphism. The inverse image of X^'^ {Ol, Z' , P') C 



D^ ''^ by the map (^ x id is the rational subset 



zeD^ 



-l,ad 



|/i(Xf,...,X,^)(z)|<|7r(z)pforanyi, 

\{Xn+l-f"{X^,...,Xn)){z)\ < \7t{zW/p, 

where /" is the element of the ring C[X] satisfying f"{Xi, . . . ,Xn)^ 
f'{Xf, . . . , Xn)- Since this adic space is isomorphic to 

V~\X'ct,i(^M,Z,P)) Xspa(C,Oc) 4'"^ 
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the claim follows also in this case. D 

Definition 5.2. We say that the log ramification of a finite extension L/K 
is bounded by j if 

B-^iiog(OL) = [L ■■ K]. 

If L/K is separable, it is equivalent to the definition given in [H Definition 
9.4]. Using Lemma EU we can prove the following variant of Lemma 14.101 
([n]) for log ramification. 

Lemma 5.3. Let L/K he a finite extension and j he a positive rational 
numher. If the log ramification of L/K is hounded by j, then the extension 
L/K is separable. 

Proof. Let M be the separable closure of K in L. By Lemma |5.H we have 
the inequality 

[L:K]> [M : K] = ^Tk(.Om) > tt-^i,iog(OAf) = tt-^liog(e^L) = [L : K], 
which implies L = M. D 

Now let L/K be a finite extension as before. Let zi, . . . , Zn-i be elements 
of Ol such that their images in ki generate the residue extension /c^/A;. 
Put Zn = ttl- Then Z = (zi,...,Zn) and P = {n} form a log system 
of generators of the Ox-algebra Ol- Consider the associated surjection 
Oxi-'^] — ^ Ol and write its kernel as (/i,...,/^). Let g G Ok[X] be a 
lift of the element tt^^ /vr by this surjection. Let j be a positive rational 
number. Then the j-th log tubular neighborhood XJ^,{Ol,Z,P) is the 
affinoid variety 

{x e Sp{K{X)) I |/,(x)| < IvrP for any i, \{Xn''^'' - 7rg){x)\ < \7t\^+'}, 

and we also have an isomorphism of finite Gx-sets 

^ho,iOL)^^f-{X^K,Xo,iOL,Z,P)). 

Let e = e{K) be as in Section [TJ Let m be a positive integer satisfying 
m < e - 1. Put yl = Oi<-/(7r™) and A+ = ©^^-/(Tr^+i). Then the yl-algebra 
B = Ol/{tt^) is a truncated discrete valuation ring which is finite flat over 
A and similarly for the A+-algebra B^ = Ol/{tt^'^^). The images of vr in A, 
j4+ and vr/, in i?+ are denoted by 7f, 7f+ and Tts+i respectively. The natural 
map Ok -^ ^+ gives a lift {K, t+) of A+ and a lift {K, l) of A. 

On the other hand, by fixing a section k -^ j4+ of the natural reduction 
map Aj^ — )• /c, we consider A+ and A as /c-algebras. Put F = k[{u)). The 
map Op = k[[u\\ -^ A+ sending u to 7f+ gives a lift (F, 1+) of Aj^ and a lift 
(F, t) of A. 

Suppose that there exist a finite extension E/F and an isomorphism of 
74+-algebras Oe ®Of,i-+ ^+ ~^ ^+- Note that we have [L : K] = [E : F]. 
Let tte be a uniformizer of F lifting ttb^- Since the residue extensions of 
L/K and E/F are the same, we have the equality e^/^ = ce/f- 
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Lemma 5.4. The images of the elements vr^^ /vr G Ol and ir^ /u € Oe 
in B coincide with each other. 

Proof. From the definition, we see that the images of vr and u in Aj^ and 
the images of vr^ and tie in Bj^ both coincide. Thus we have the equation 
in the ring i?_|_ 

u{tt^ /vr) = TT[TTl h)='^L ='^E = ^V^E /'")• 
This imphes the lemma. D 

Let Zi be the image of Zi in B. Then Z = (zi, . . . , z„) gives a system of 
generators of the ^-algebra B. Let /j and g be the images of fi and g in the 
ring ^[-^]. Let f, and g be their hfts in C'ir[X] by the surjection t : Of — > A. 
Let Zj be a hft of Zi in Oe satisfying z„ = tte- Then Z = (zi, . . . , z„) and 
P = {n} form a log system of generators of the Oir-algebra Oe- Consider 
the associated surjection Oir[X] — >■ Oe, and let g' be a lift of the element 
-K^ ju by this surjection. Then the images g and g' in B are both equal 
to the element of Lemma 15.41 Hence we have the congruence 

g = g'mod(fi,...,f^,ii™) 

in the ring Oir[X]. 

Let j be a positive rational number satisfying j < m — 1. The above 
congruence implies that the j-th log tubular neighborhood ^^^{Oe, Z, P) 
of the O^-algebra Oe with respect to (Z, P) is equal to the F-affinoid variety 

{x e Sp(F(X)) I \ii{x)\ < \u\^ for any i, \{xT^^ - ug){x)\ < \u\^^^}. 

Put fr+i = X'^n'*' -Ttg, f = {fi,..., fr, fr+i} and / = (j, ...,j,j + 1). 
Then we have the equalities 

^x,iog(^i'^'^) = ^x(/''™)> ^^,iog(Os,Z,P) =xj(/',n). 
Hence Theorem 13.111 implies the following theorem. 

Theorem 5.5. Let L/K he a finite extension and m he a positive integer 
satisfying m < e{K) — 1. Put A^ = Ok/{'^"^~^^)- Fix a section k — )• A+ 
of the reduction map and consider the k-algebra surjection f._|_ : k[[u]] — >■ A^ 
defined hy u >—^ it. Put F = k({u)). Let E/F he a finite extension with an 
isomorphism of A^-algehras 

Let j he a positive rational numher satisfying j <m — 1. Then there exists 
an isomorphism of finite Gk' -sets 

via the isomorphism Gk' — Gf' of the classical theory of fields of norms. 

D 
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Corollary 5.6. Let Li/Ki and L2/K2 he extensions of complete discrete 
valuation fields of residue characteristic p > 0. Let HKi he a uniformizer 
of Ki. Let m he a positive integer satisfying m < minje(i^j). Suppose 
that we have compatihle isomorphisms of rings Okx/{t^^^) — 0X2/(^X2) 
and Oli/{t^x-^) — ^12/ {'^k2^- ^^^^^j foi" ('■ny positive rational numher j < 
771 — 2, the log ramification of Li/Ki is hounded by j if and only if the log 
ramification of L2/K2 is hounded hy j. 

Proof Put A+ = OkJ{tTk^) and B+ = OlJ{tt'^J. We choose a uni- 
formizer TTK2 such that its image in A^ coincides with the image of ttk^ ■ Fix 
a section k — )■ A^ of the reduction map and consider the hft {F, i.+) of A+ as 
above. Since we have m > 2 hy assumption, B-^^/Aj^- is a finite extension of 
truncated discrete valuation rings and Lemma [4. 131 enables us to find a finite 
extension E/F with an isomorphism of ^+-algebras Oe ®Of,i^+ ■^+ ~^ ^+- 
Then Theorem 15.51 yields bijections 

for any positive rational number j < m — 2. This concludes the proof. D 

Remark 5.7. Here we do not study any functoriality of the isomorphism 
of Theorem 15.51 similar to Proposition 14.31 for the following reason: Let L 
and L' be finite separable extensions of K. Let {Z, P) be a log system of 
generators of the Ox-algebra Ol and {Z',P') be that of Oll Consider an 
inclusion of i^-algebras ip : L —^ L' satisfying ip{Z) C Z' and V'(-P) ^ P' ■ 
Then P' contains a uniformizer of L. However, this forces us to include in 
defining equations of the j-th log tubular neighborhood of the O/^-algebra 
Ol' the following equation: 

Since e^^'/i^ can be arbitrarily large, we cannot connect affinoid varieties of 
different characteristics functorially using mod vr™ for a fixed m as we did 
in the non-log case. 

6. Compatibility of Scroll's higher fields of norms with 

ramification 

In this section, we prove that Scholl's theory of higher fields of norms 
(|15j) is compatible with the ramification theory of Abbes-Saito. Let d be a 
non-negative integer. Let K, = {Kn)n>o be a strictly deeply ramified exten- 
sion of d-big local fields of mixed characteristic (0,p) ([15^ Subsection 1.3]). 
In particular, there exists a positive integer uq and an element ^ E Ok„ 
satisfying \p\ < |^| < 1 such that for any n > uq, the relative ramification 
index ex^^^/K^ is equal to p and the p-th power Frobenius map induces a 
surjection Oxn+i/CC) ~^ ^Kn/iO- Moreover, for any n > no, we can choose 
a uniformizer 7rx„ of Kn satisfying vr^ = 7rx„ mod ^. Put Koo = ^nKn 
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and 

where all the transition maps are the p-th power Frobenius maps. Set 11 = 
{'^K„)n>no- Let kn be the residue field of Kn- Then X~^ is a complete 
discrete valuation ring of characteristic p with uniformizer 11 and residue 
field 

k' = Um kn 

( |15l Theorem 1.3.2]). Moreover, X'^ is independent of the choice of uq and 
(,. Put X = Frac(X+). 

Let Loo be a finite extension of i^oo- Then L^q can be written as L^q = 
KoqLq with some finite extension Lq/Kq inside L^o- Put L„ = K^Lq. 
Then L, = (L„)„>o is also strictly deeply ramified for any ^' satisfying 
Id < l^'l < 1 with some tt-q, and we can define a complete discrete valua- 
tion ring X+(Loo) by a similar construction to X"*" for L,. Put X(Loo) = 
Prac(X"'"(Loo))- Then Loo i— >• -'^(Lqo) defines an equivalence of categories 
from the category of finite extensions of K^q to that of finite separable ex- 
tensions of X ( |151 Theorem 1.3.5]). In particular, for any finite Galois 
extension Loo/Koo, we have an isomorphism 

Gal(Loo/i^oo) ^ Gal(X(Loo)/X), 

which induces an isomorphism of absolute Galois groups Gk^c — ^x- 

Definition 6.1. Let Loo/Koo be a finite separable extension and L„ be as 
above. We say that the ramification (resp. log ramification) of Loo/i^oo 
is bounded by j if the ramification (resp. log ramification) of L^/Kn is 
bounded by j for any sufficiently large n. 

Then the main theorem of this section is the following, which reproves a 
result recently obtained by Shun Ohkubo using a totally different method. 

Theorem 6.2. The ramification (resp. log ramification) of L^jK^ is 
bounded by j if and only if the ramification (resp. log ramification) of 
X(Loo)/X is bounded by j. 

Proof. We let vk„ denote the additive valuation of Kn normalized as vk„ {t^k^ ) 
1 and e{Kn) be the absolute ramification index of Kn. By replacing ^ by 
^', we may assume uq = Uq and ^ = (,'. Then we have VKni^) < e{Kn)- 
Note that vk„{C) can be arbitrarily large by increasing n. Take any posi- 
tive integer n > uq satisfying j < vx^iO ~ 2- Put m = vk„{0- Then the 
surjections 

X+?^Ox„/(vr^J^OK„ 
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give two lifts of the truncated discrete valuation ring OKn/iT^^ ) of length 
m, which is killed by p. Moreover, the diagram 



is cartesian. Hence Corollarv l4.11l and Corollarv 15.61 implv the theorem. D 

For any positive rational number j, let FE]~--' (resp. FE^^ j ) be the 
category of finite separable extensions Loo/Koo whose ramification (resp. log 
ramification) is bounded by j. Put 

Let G-'^ and G-^ ^ be the j'-th non-log and log upper ramification subgroups 
of Gx , respectively ( [U Section 3] ) . 

Corollary 6.3. The isomorphism Gk^ — Gx induces isomorphisms 

Proof. By Theorem 16.21 the equivalence of higher fields of norms induces an 
isomorphism 

n G^^- n Gx' 

iooSFEl'^ X'eFE|-' 

and the latter group is equal to G^^ . The assertion on log ramification follows 
similarly. □ 

7. An application to a generalization of the Hasse-Arf 

THEOREM 

Finally, we give an application of Theorem 13.111 to a generalization of the 
Hasse-Arf theorem to the case of imperfect residue field, though it is under 
a very restrictive condition. 

Let X be a complete discrete valuation field of residue characteristic p > 0. 
Let k be the residue field of K. Let L/K be a finite separable extension. 
Then the Artin conductor c{L/K) and the Swan conductor c\og{L/K) of the 
extension L/K are defined as 

c{L/K) = infji G Q>o | Tk{Ol) ^ ^:^(Ol) is a bijection}, 

ciog{L/K) = mi{j e Q>o I J^k^Ol) ^ ^K^ogi^L) is a bijection}, 

which are known to be non-negative rational numbers ([1, Proposition 6.4 
and Proposition 9.5]). For their integrality, we have the following theorem 
of Xiao. 
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Theorem 7.1. Let L/K he a finite abelian extension. 

(i) (|19J, Corollary 4-4-3) Suppose char(i^) = p. Then c{L/K) and 

ciog{L/K) are integers, 
(a) ([20\, Theorem) Suppose char(i^) = 0. 

(a) c{L/K) is an integer if K is not absolutely unramified. 
(h) ciog{L/K) is an integer if p > 2, and ciog{L/K) £ ^[1/2] if 
p = 2. 

By using Theorem 13.111 we can prove the following theorem on the inte- 
grality of the conductors, which includes some new cases for log ramification 
and p = 2. 

Theorem 7.2. Suppose char(i^) = 0. Let L/K be a finite abelian extension 
and e be the absolute ramification index of K. 

(i) If c{L/K) < e, then c{L/K) is an integer, 
(a) If c\og{L/K) < e — 2, then c\og{L/K) is an integer. 

Proof. Let tt be a uniformizer of K. Put m = n = e for the non-log case, 
and m = e — 1, n = e — 2 for the log case. We also put A = Ok/{t^"^) and 
B = Ol/{'k™'). Then ^ is a truncated discrete valuation ring of length m 
killed by p and B is also a truncated discrete valuation ring which is finite flat 
over A. For the non-log case, if m = 1 then c{L/K) < 1. This is the same as 
saying that L/K is unramified ([ll Proposition 6.9]) and c{L/K) = 0. For 
the log case, we have m = e — 1>1 + c\og{L/K). Hence we may assume 
m > 2 for both cases. In particular, B/A is a finite extension of truncated 
discrete valuation rings. Fix a section A; — )• A of the reduction map A —?■ k. 
Then we have a lift k[[u]] — >• A sending u to the image of it. Put F = k{(u)). 
Let K', K'^ and F' be as in Subsection 13.51 

By Lemma 14.13^ we can find a finite extension E/F and a cartesian dia- 
gram 

Of ^Oe 



A ^B. 

Note the equality [L : K] = [E : F]. By Corollary 14.111 or Corollary 15. 6^ we 
have the equality in each of two cases 

'^r^{OE) = %TI{Pl) = {L:K\ = \E: F], 
in,log{OE) = tt^,iog(OL) = [L:K] = [E: F]. 

Thus Lemma 14.101 (|ii|) or Lemma 15.31 implies that the extension E/F is 
separable. Moreover, its (non-log or log) ramification is bounded by n. 



42 SHIN HATTORI 



We claim that the extension E/F is abehan. Indeed, by Proposition 14.31 
or Theorem 15.51 we have diagrams of finite Gpi-seis 

Tk{Ol) Tf{Oe) Tk{Ol) Tf{Oe) 



whose horizontal arrow is an isomorphism in each of two cases. Since the 
(non-log or log) ramification is bounded by n, the vertical arrows are bijec- 
tions compatible with the Galois action. 

Since L/K is Galois, the stabilizer of the Gi^'-set Tk{Ol) 

{g£GK\ giip) = V' for any V G TxiOL)} 

is equal to Gl. Let E be the Galois closure of the finite separable extension 
E/F. Then the stabilizer of the Gi^'-set J'f{Oe)\gp, is G^p,. By the 
above isomorphism, it is also isomorphic to the stabilizer of the Gk' -set 
-7^i4'(CL)|G^,/ ) which is equal to Glk' ■ The isomorphism Ge' — Gk' 
induces an isomorphism 

Gal(^F7F') ^ Ga[{LK'^/K'^). 

In particular, we have the equality [EF' : F'] = [LK'^ : K'^]. Since the 
extension E/F is finite separable and F' /F is primary by Lemma lS.lOKlmll . 
we obtain the equality F = F' D E. Hence 

[E:F]<[E:F] = [EF' : F'] = [LK'^ : K'^] <[L:K] = [E:F] 

and E is equal to E. Thus the extension E/F is Galois. Moreover, we also 
have 

Ga\{E/F) ~ G&\{EF'/F') ~ Gal(LK;^/i^^) ~ Gal(L/Lni^^) C Gal(L/K), 

which implies that E/F is abelian. 

By Proposition 14.31 or Theorem 15.51 we also have a bijection 

J-^(Ol) ^ J'UOe), Pk,Io^{Ol) ^ J'hoz^OE) 

for any positive rational number j satisfying j < n. Thus we obtain the 
equality 

c{L/K) = c{E/F), ciog(L/K) = ciog(^/F). 

Hence the theorem follows from Theorem 17.11 ^ . D 
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